We discuss on the external temperature dependence of quantum entanglement in coupled harmonic oscillator system. We show that entanglement sudden death phenomenon in temperature occurs in this system. This fact implies that the thermal entanglement completely vanishes when external temperature is greater than the critical temperature. The critical temperature T c is derived explicitly. Entanglement[1-3] is a key physical resource in quantum information processing. For example, it plays crucial role in quantum teleportation[4], superdense coding[5], quantum cloning[6], quantum cryptography [7, 8] , quantum metrology [9] , and quantum computer [10, 11] . In particular, physical realization of quantum cryptography and quantum computer seems to be accomplished in the near future 1 .
dimensional Hilbert space, we cannot use Eq. (1) for computation of thermal entanglement. However, the critical temperature can be derived by considering the negativity-like quantity [25] .
We start with a Lagrangian
V (x 1 , x 2 ) = 1 2 k 0 (x 2 1 + x 2 2 ) + J(x 1 − x 2 ) 2 .
Then, the quantum mechanical Kernel [26] can be computed by path-integral expressed as
where S[x 1 , x 2 ] is action functional of system given by
with t = t 2 − t 1 .
In order to compute the Kernel explicitly we first express the potential V (x 1 , x 2 ) as
Thus, the potential can be written as a diagonal form
where ω 1 = √ k 0 , ω 2 = √ k 0 + 2J, and
We restrict ourselves to k 0 ≥ 0 and k 0 + 2J ≥ 0. If these restrictions do not hold, the potential is unbounded and hence, our system is not that of harmonic oscillators.
Using Eq. (7) it is easy to show that the Kernel of our system is given by
where
Kernel for simple harmonic oscillator is well-known [26, 27] . Thus the explicit expression of the Kernel in Eq. (9) is
Then, the thermal density matrix at external temperature T is given by
where Z(β) is a partition function
and β = 1/k B T . Throughout this paper we assume for simplicity that Boltzmann constant k B is one. The explicit expression of the thermal density matrix is in a form
In general thermal density matrix is a mixed state. In order to explore how much ρ T in Eq. (14) is mixed, we compute two quantities. First quantity is m(β) = trρ 2 T . If m(β) = 1, this means ρ T is pure state. If m(β) = 0, this means ρ T is completely mixed state. For our case m(β) becomes The T -dependence of m(β) is plotted in Fig. 1 
One can show straightforwardly that the normalized eigenfunction is
where H n (z) is n th -order Hermite polynomial, and corresponding eigenvalue is
It is easy to show m,n λ mn (β) = 1, which is consistent with trρ T = 1. Then,
The T -dependence of S(A, B) is plotted in Fig. 1(b) when J = 0 (black line), J = 5 (red dashed line),and J = 10 (blue dotted line) with k 0 = 1. As expected S(A, B) is zero at T = 0, which means ρ T is pure. This figure also shows that ρ T with fixed J becomes more and more mixed with increasing T . Like Fig. 1(a) , Fig. 1(b) indicates that ρ T becomes more mixed with decreasing |J| at given T . Now, let us discuss on the entanglement phase transition of ρ T . Since ρ T is mixed state, its entanglement E(ρ T ) is in general defined via a convex-roof method [28, 29] ;
where minimum is taken over all possible pure state decompositions, i.e. ρ T = j p j |ψ j ψ j |, with 0 ≤ p j ≤ 1. The decomposition which yields minimum value is called the optimal decomposition. However, we do not know how to derive the optimal decomposition in this continuum system.
Although E(ρ T ) cannot be computed exactly, it is possible to compute the critical temperature T c of the thermal entanglement phase transition by making use of negativity-like quantity [25] .
Although N (β) itself is not entanglement measure, it becomes zero if E(ρ T ) = 0. This is Peres' criterion for separability [30] .
In order to compute N (β) analytically we should solve the following eigenvalue equation
This equation is solved in Appendix A. The final results are as follows. The normalized In Eq. (23) ǫ 1 and ǫ 2 are
It is interesting to note ǫ 1 ǫ 2 = ω 1 ω 2 . The corresponding eigenvalue is
One can compute ±1−ξ 1 and ±1−ξ 2 explicitly, which result in −1 < ξ 1 , ξ 2 ≤ 1 for arbitrary temperature. Thus, it is easy to show m,n Λ mn (β) = 1 as expected. Eq. (21) and Eq. (26) make N (β) to be
The T -dependence of N (β) is plotted in Fig. 2 can be transformed into each other by interchanging x and y. This fact implies that the region in x-y plane, where the separable states reside, is symmetric with respect to y = x.
The shaded region in Fig. 3(a) 
where ω min = min(ω 1 , ω 2 ) and ω max = max(ω 1 , ω 2 ). If one uses g(z) ≈ coth z, the critical temperature is approximately
In Fig. 3(b) the J-dependence of T c is plotted when k 0 = 1. The black solid line and red dashed line correspond to Eq. (30) and Eq. (31) respectively. It is shown that T c increases with increasing |J| as expected from Fig. 2 .
In this paper we discuss on the external temperature dependence of quantum entanglement in the coupled harmonic oscillator system. We show that ESD phenomenon in temperature occurs in this system and the critical temperature T c is derived explicitly. One can extend our analysis to the same system when k 0 and J are arbitrarily time-dependent.
In this case computation of Kernel through usual path-integral seems to be highly difficult.
If, however, one uses the Schrödinger description of Kernel K[x ′ , t 2 : x, t 1 ] = n ψ n (x ′ , t 2 ) ψ * n (x, t 1 )
where n represents all possible quantum numbers and ψ n (x, t) is linearly-independent solution of time-dependent Schrödinger equation, analytical computation of the Kernel seems to be possible. The remaining procedure would be similar. We hope to explore this issue in the near future.
